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Abstract 

In this paper, we determine the number of fuzzy subgroups of cuboid 
groups 23 ××m  in size. 

1. Introduction 

Classification of fuzzy subgroups of finite groups is an important 
problem of fuzzy group theory. Many papers have dealt with finite groups. 
Groups of order one to order six have been studied by Filep [1], and Zhang 
and Zou [2] have determined the number of fuzzy subgroups of cyclic groups 

of order ,np  where p is a prime number. Murali and Makamba [3, 4] have 

determined the number of fuzzy subgroups of qpppp
ZZZZZ nn ×× ,,  and 

abelian groups of order ,mnqp  where p and q are different primes, and 

Tarnauceanu and Bentea [5] have determined this number for finite abelian 
groups. 

The interesting result of Sulaiman [6] is a method to determine the 
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number of fuzzy subgroups of finite groups. This method is called “lattice 
method”. It can be used for abelian and non-abelian groups. By using this 
method, some formulas are determined. Sulaiman [6] has counted the number 
of fuzzy subgroups of p-group (Theorem 18), the number of fuzzy subgroups 
of qp ZZ ×  (Theorem 21) and the number of fuzzy subgroups of qp

ZZ n ×  

(Theorem 23). 

In [7], Sulaiman defined cuboid group and determined the number of 
fuzzy subgroups for some cuboid groups. 

In this article, we construct the number of fuzzy subgroups of         
cuboid groups .22 ××m  Furthermore, we determine the number of      
fuzzy subgroups of cuboid groups .23 ××m  This formula is important to 
determine the number of fuzzy subgroups of cuboid groups in general, 

snm ××  in size. 

2. Cuboid Group 

In this section, we summarize the preliminary definitions and theorems 
that are required later. We use some theorems of lattice method and prove 
these theorems which can be checked in [6]. 

Definition 1. Let X be a nonempty set. Then a fuzzy subset of X is a 
function from X into [ ].1,0  

Definition 2 (Rosenfeld [8]). Let G be a group. Then a fuzzy subset µ of 
G is called a fuzzy subgroup of G if: 

(1) ( ) ( ) ( ){ } ,,,,min Gyxyxxy ∈∀µµ≥µ  

(2) ( ) ( ) .,1 Gxxx ∈∀µ≥µ −  

Theorem 1 (Sulaiman and Ghafur [9]). A fuzzy subset µ of G is a         
fuzzy subgroup of G if and only if there is a chain of subgroups G, 
( ) ( ) ( ) ( ) GPPPP n =µ≤≤µ≤µ≤µ "321  such that µ is in the form 
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If there is no confusion, then ( )µiP  as (1) can simply be written as .iP  

We define length (or order) of fuzzy subgroup µ in (1) to be m. 

Definition 3 (Sulaiman and Ghafur [9]). Let µ  and γ  be fuzzy 

subgroups of G of the forms 
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with [ ],1,0, ∈δθ ji  ,lk θ>θ  lk δ>δ  for lk <  and ∪ mi i GA≤≤ =1 ,  

∪ nj j GB≤≤ =1 .  Then we define that µ and γ are equivalent if nm =  and 

{ }....,,2,1, niBA ii ∈∀=  

It is easy to check that this relation is indeed an equivalence relation. 
Two fuzzy subgroups of G are said to be different if they are not equivalent. 

We denote the number of fuzzy subgroups (different fuzzy subgroups)          
of G as ( ),GFn  while the number of fuzzy subgroups µ of G with 

( ) HP =µ1  is denoted by ( ).1 HPFn =  

Theorem 2 (Sulaiman [6]). Let GGGGG kk =<<<< −121 "  be the 

only maximal chain from 1G  to G on the lattice subgroups of G. Then 

( )




>
=

= −= .2,2
,2,1,1

211 k
k

Fn kGP  

Theorem 3 (Sulaiman and Prawoto [10, Theorem 3.3(ii)]). Let G be a 
rectangle group with .2, =∈ sNm  Then we have: 
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 (i) ( ) ( ) ( )..2
11

1
2121

mmm KPKPKP
FnFnFn

===
+= −  

(ii) ( ) ( ) ( ).12232 22
21

+=−+= −−
=

mmFn mmm
KP m  

Definition 4. Let G be a group. Then a group G is called “cuboid” if      
the subgroups of G can be labeled by ,ijkK  where ,1 mi ≤≤  ,1 sj ≤≤  

tk ≤≤1  for some Ztsm ∈,,  with ,111 GK =  { }eK tsm =,,  and 

satisfying the following three conditions: 

  (i) for fixed ( ) ,2,,,1,1,, 1 tkkKKsjmiji kijijk ≤≤∀<≤≤≤≤ −  

 (ii) for fixed ( ) ,2,,,1,1,, 1 njjKKskmiki kjiijk ≤≤∀<≤≤≤≤ −  

(iii) for fixed ( ) .2,,,1,1,, 1 miiKKsknjkj jkiijk ≤≤∀<≤≤≤≤ −  

For this case, the size of the group is .tsm ××  The diagram of lattice 
subgroups of cuboid group G is shown in Figure 1. 

 

Figure 1. Lattice of cuboid group. 

Theorem 4 (Sulaiman [7]). Let G be a group satisfying Definition 4 with 
.2, ==∈ snNm  Then we have: 
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 (i) ( ) ( ( ) ) .2.2 2
2111211

−
== +=

−
m

KPKP mm FFn  

(ii) ( ) ( ( ) ) .2.2 2
1211121

−
== +=

−
m

KPKP mm FFn  

3. The Number of Fuzzy Subgroups of Cuboid Groups 23 ××m  

First, we construct the formula for cuboid group .22 ××m  

 

Figure 2. Lattice of cuboid group, .22 ××m  

Theorem 5. Let G be a group satisfying Definition 4 with ,Nm ∈  
.2== sn  Then we have: 

( ) ( ) ( )∑ −

=
−

== ++=
1
1

1.212221221
m
j

m
KPKP mFnFn jm  

Proof. By considering the diagram of lattice G (see Figure 2), we get 

( ) ( ) { }miFnFn ii KPKP ...,,2,1,121211 ∈∀= ==  (2) 

and 

( ) [ ( ) ( ) ( )]∑ −

= ==== ++=
1
1 121211221221

m
j KPKPKPKP jjjm FnFnFnFn  

( ) ( ) ( ).111121211 mmm KPKPKP FnFnFn === +++  (3) 

Using lattice method (see [6]), we get 

( ) [ ( ) ( )] ( )∑
−

=
==== ++=

1

1
.111111211211

m

j
KPKPKPKP mjjm FnFnFnFn  (4) 
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According to (2), (3) can be written as 

( ) [ ( ) ( ) ( )]∑ −

= ==== ++=
1
1 111211221121

m
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( ) .2.2 2
211
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By using (4), we have 
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,2.3 2−+ m  
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Now, consider 
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[ ( )] [ ( ) ( ) ( )∑
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According to Theorem 3(ii), for every ( ){ },1...,,2,1 −∈ mi  we have 

( ) ( ) ( ) .21232 22
211

−−
= +=−+= iii

KP iiFn i  

Hence, (6) can be written as 

[ ( )] ( )∑ −
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−

= +++++=
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1
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m
j
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Since ( ) ( )∑ =
+−+=m

i
mi mi1

12122  (see [11, p. 176]), we conclude that 

( ) ( ( ) ) ( )∑ −

=
+

= −=−++−=
1
1

1 .212122
11.4 211

m
j

mm
KP mmFn j  

From this, we can write equation (6) as 

( ) ( ) ( )∑ −

=
−

== +−+=
1
1
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m
j

mm
KPKP mFnFn jm  

( ) ( )∑ −
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−
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1
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Theorem 6. Let G be a group satisfying Definition 4 with ,Nm ∈  

.2== sn  Then we have ( ) ( ).142 22
221 ++= −

= mmFn m
KP m  

Proof. Consider the diagram of G (see Figure 3). 
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Figure 3. Lattice of cuboid group ( ) .221 ××+t  

We prove by induction on m. For ,1=m  it is easy to check that 

( ) .31221 ==KPFn  We know that ( ).11.4123 221 ++= −  It means that the 

statement is true for .1=m  Assume that the statement is true for .tm =  
This means that 

( ) ( ).142 22
221 ++= −

= ttFn t
KP t  (7) 

For ,1+= tm  by considering the diagram of lattice G (see Figure 3) and 
applying lattice method, we get 

( ( ) ) ( ) ( ( ) )12112212211 .2
++ === += ttt KPKPKP FnFnFn  

( ( ) ) ( ( ) ).11112111 ++ == ++ tt KPKP FnFn  

Since ( ( ) ) ( ( ) ),21111211 ++ == = tt KPKP FnFn  

( ( ) ) ( ) ( ( ) ) ( ( ) )..2.2 111112112212211 +++ ==== ++= tttt KPKPKPKP FnFnFnFn  (8) 

Substituting (7) into (8), we get 
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( ( ) ).1111 +=+ tKPFn  

Using Theorem 2 and Theorem 4(ii), we have 
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Hence, 
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The induction is completed.  

Theorem 7. Let G be a group satisfying Definition 4 with ,Nm ∈  

.2,3 == ts  Then  
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( ) ( ).121221 mm KPKP FnFn == ++  (9) 

Since ( ) ,2 2
111

−
= = m

KP mFn  ( ) ( )211121 mm KPKP FnFn == =  and ( )211 iKPFn =  

( ),121 iKPFn ==  equation (9) can be written as 
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( ) ( ) ( )]111211211 .2 jjj KPKPKP FnFnFn === +++  
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Since 
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equation (10) can be written as 
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We know that 
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Therefore, equation (11) becomes 
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We can find that 
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