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Abstract

In this paper, we determine the number of fuzzy subgroups of cuboid
groups m x 3 x 2 in size.

1. Introduction

Classification of fuzzy subgroups of finite groups is an important
problem of fuzzy group theory. Many papers have dealt with finite groups.
Groups of order one to order six have been studied by Filep [1], and Zhang
and Zou [2] have determined the number of fuzzy subgroups of cyclic groups

of order p", where p is a prime number. Murali and Makamba [3, 4] have

determined the number of fuzzy subgroups of an, ZyxZy, an xZg and

abelian groups of order p"q™, where p and q are different primes, and
Tarnauceanu and Bentea [5] have determined this number for finite abelian
groups.

The interesting result of Sulaiman [6] is a method to determine the
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number of fuzzy subgroups of finite groups. This method is called “/attice
method”. It can be used for abelian and non-abelian groups. By using this
method, some formulas are determined. Sulaiman [6] has counted the number
of fuzzy subgroups of p-group (Theorem 18), the number of fuzzy subgroups
of Z, x Z, (Theorem 21) and the number of fuzzy subgroups of Zp,, xZ,

(Theorem 23).

In [7], Sulaiman defined cuboid group and determined the number of

fuzzy subgroups for some cuboid groups.

In this article, we construct the number of fuzzy subgroups of
cuboid groups m x 2 x 2. Furthermore, we determine the number of
fuzzy subgroups of cuboid groups m x 3 x 2. This formula is important to
determine the number of fuzzy subgroups of cuboid groups in general,

m X nxs in size.
2. Cuboid Group

In this section, we summarize the preliminary definitions and theorems
that are required later. We use some theorems of lattice method and prove

these theorems which can be checked in [6].

Definition 1. Let X be a nonempty set. Then a fuzzy subset of X is a
function from X into [0, 1].

Definition 2 (Rosenfeld [8]). Let G be a group. Then a fuzzy subset p of
G is called a fuzzy subgroup of G if:

(1) p(xy) = min{p(x), p(y)}, Vx, y € G,
@) p(x"") = u(x), vx € G.

Theorem 1 (Sulaiman and Ghafur [9]). 4 fuzzy subset n of G is a
fuzzy subgroup of G if and only if there is a chain of subgroups G,
B(n) £ A(n) < B(p) <--- < B,(n) = G such that wis in the form
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6, xeAp
6, x e P(n)

0, X € By(p)

u(x) = (1)

If there is no confusion, then P(u) as (1) can simply be written as B.

We define length (or order) of fuzzy subgroup p in (1) to be m.

Definition 3 (Sulaiman and Ghafur [9]). Let p and ¢y be fuzzy
subgroups of G of the forms

OI,XEAI 81,)6631

92,X€A2 SQ,XEBQ
u(x) = 5. and y(x) = 5.

0, x € 4, 5,, x € B,

with 6;,8; € [0,1], 64 >0;, & >8; for k<[ and U1<i<mAi =G,
U1 <j<n B; = G. Then we define that p and y are equivalent if m = n and
Ai = Bi’ Vi e {1, 2, ceey n}.

It is easy to check that this relation is indeed an equivalence relation.

Two fuzzy subgroups of G are said to be different if they are not equivalent.

We denote the number of fuzzy subgroups (different fuzzy subgroups)
of G as n(Fg), while the number of fuzzy subgroups p of G with

A(n) = H is denoted by n(Fp_p).
Theorem 2 (Sulaiman [6]). Let G} < Gy <+ < Gy_1 < G = G be the

only maximal chain from Gy to G on the lattice subgroups of G. Then

Frc) 1, k=12,
n _ =
A=G1) 7 ok=2  p s o,

Theorem 3 (Sulaiman and Prawoto [10, Theorem 3.3(ii)]). Let G be a

rectangle group with m € N, s = 2. Then we have:
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(1) n(FPl:Kén) = 2.n(FPl:K£n,1)+ n(FPl:Klm ).
(i) n(F, n)=2"+(m-3)2""2=2""2(m+1).
A=K3

Definition 4. Let G be a group. Then a group G is called “cuboid” if
the subgroups of G can be labeled by Ky, where 1<i<m, 1< /<y,
1<k<t for some m,s,teZ with K;;; =G, K, ,=1{ef and

satisfying the following three conditions:

(1) for fixed i, j,1<i<m, 1< j <y, K < Kij(k—l)a Vk,2<k<t,
(i1) for fixed i,k,lSiSm,lSkSs,Kijk <Ki(j_1)k,‘v’j,2San,
(iii) for fixed j, k,1< j<n, 1<k <s, Ky <K(;_1) jy, Vi,2<i<m.

For this case, the size of the group is m x s x t. The diagram of lattice

subgroups of cuboid group G is shown in Figure 1.

K11 Ky =6

lR’L"l

"“.I.‘.lr

1st

Figure 1. Lattice of cuboid group.

Theorem 4 (Sulaiman [7]). Let G be a group satisfying Definition 4 with

me N, n=s=2. Then we have:
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. -2
@ n(FP1=Km21) - 2'(FP1:K(m71)21) 277

(11) n(Fplszlz) = 2‘(FP1:K(m,1)12) + 2m_2.

3. The Number of Fuzzy Subgroups of Cuboid Groups m x 3 x 2

First, we construct the formula for cuboid group m x 2 x 2.

Ko Kin-1n Kany K314 Kiy Kyyw=0G

Figure 2. Lattice of cuboid group, m x 2 x 2.

Theorem 5. Let G be a group satisfying Definition 4 with m € N,

n=s = 2. Then we have:
m—1 -1
n(FR=K,,,) = ijl n(Fﬁ:szz) +(2m+1)2"

Proof. By considering the diagram of lattice G (see Figure 2), we get

n(FR=k,, ) = MFp-k,,» Vi€l 2, ..., m} ()

and

m—1
n(FR=K, )= ZFI [”(FH=K,~22 )+ ”(FPI:szl) + n(Fp =K 12 )]

+ 1(FR =K, ) + 1(FR=K,,) + 1(FR=K,,)- G

Using lattice method (see [6]), we get

m—1

n(Fp-k,, )= Z [n(Fp =K 3 ) + n(Fp =K 1| N+ n(Fp=g,,,)- “4)
j=1
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According to (2), (3) can be written as

m—1
n(Fp=k,,) = ijl [n(Fr=k ) + n(FR=k ;5,) + "(Fp=k ;;, )]

-2
+2J’l(F1:i:sz])+2m .

By using (4), we have

m—1

n(FR=K, )= ijl [n(FR=k ;) + 20(FR=k ) + n(FR=k ;)]

# 2 3 Pk )+ Py )+ 0P|

+2m72

n(Fpok )= Z;’_’: [2(Fi—k yy) + 45(Fp_ 1)) + 30(Fp g )]
+3.2Mm72,

n(Fp=K, )= Zj:ll [n(FR=k ) + 4n(FR—k 5, )]
+ 3'[n(FP1:K111 )+ n(FPl=K211 )+ n(FP1=K311)

-2
+.--+I’Z(FPl:K(mil)“)]+3.2m ,

m—1

-2
n(Fp-k, ) = ijl [n(Fr=k 5,) + 4n(Fp =k , )]+ 6.2" 7,

m—1

-1
n(FPi:Km22) = Z [n(F})IZKjZZ)+ 4'n(FPl:Kj21)]+ 32m .

—_

~

Now, consider

m—1 m—1
ijl [n(Fr=k ;5] = 4-Zj:1 n(FR=K 5, )

©)
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—1
["(FP1=KJ21 ) = 4ln(Fp=ky, ) + 2(FR=kyy, ) + M(Fp=ks,,)
1

3

~.
Il

ot n(FPl:K(WI)21 ). (6)
According to Theorem 3(ii), for every i € {1, 2, ..., (m — 1)}, we have
n(Fpog,)=2"+({-3)2""% =(@+1)2">
Hence, (6) can be written as

-1
> [n(Frog 5 )] = 401+ 320 142 +52% 4+ 4 w2
]:
= 13(2.22 +323 +42% 4 4 m2™)
2
_ 14 LN o
=1+ 3 Zi:11(2 ).
Since D" i(2") =2+ (m —1)2"*" (see [11, p. 176]), we conclude that

m-1 — 1 m+1y _ m
Zj:l 4'n(FPl:Kj21)__1+§(2+(m_1)2 ) =(m—1)2".
From this, we can write equation (6) as

m—1 1
n(Fpk, )= Zj:l n(FRek py) + (m = 1)2" +3.2"

m—1 -1
- ijl n(Fp=g )+ 2m +1)2"" O

Theorem 6. Let G be a group satisfying Definition 4 with m € N,

n =5 =2. Then we have n(Fp_g )= 2" 2(m? + 4m +1).

Proof. Consider the diagram of G (see Figure 3).
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Kl'r+1)11 K11 Ki‘li 3{(313_

74 ] R
Ky Koy

Mot (Kep | | Kb | Koo | ]

K{r+1)3-:2_ (Kezz | Ka?z Kazs
Figure 3. Lattice of cuboid group (7 + 1) x 2 x 2.
We prove by induction on m. For m =1, it is easy to check that

n(Fp ) = 3. We know that 3 =2'"2(12 + 4.1+ 1). It means that the

=K122
statement is true for m = 1. Assume that the statement is true for m = ¢.

['his means that
F = 2’_2 2 +4r+1 7
n( Pl=1<t22) (t t+1). (7

For m =t + 1, by considering the diagram of lattice G (see Figure 3) and

applying lattice method, we get
n(Fp :K(t+l)22) = 2n(FR=k,y, ) + n(Fp =K(z+1)12)
+ n(FPl:K(Hl)Zl) + n(FPl:K(Hl)ll )-

Since n(Fp = n(Fp

=K(z+1)12) =K(1+1)21 );
n(Fp :K(t+1)22) = 2n(FR=kp,) + 2'n(FPl:K(t+1)12 )+ n(FP1=K(t+1)11 )- (®
Substituting (7) into (8), we get
n(FR=K (1)) = 227 + 4t + 1)+ 2n(Fp Kyz)
+ ”(F1’1=K(z+1)11 )-

Using Theorem 2 and Theorem 4(ii), we have

1 -1 11 -1
n(FPl:K(tJrl)ll) = 2t+ + (t - 2)t and n(FPl:K(t+1)12) = 2t+ + (t - 2)t .
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Hence,

n(FR=K(y) = 27N+ ar+ 1)+ 22 4 (1 - 2)27 ]+ 20

M(FR=K(yp) = 27 (@ 04 1) 4272 4 (- 2)2" + 27

n(FPl:K(t+1)22) = 2(t+1)_2(t2 +2t+1+4t+4+ 1),
M(FR=K ) = 272 M+ 17 + 4+ 1) + 1]
The induction is completed. 0

Theorem 7. Let G be a group satisfying Definition 4 with m € N,
s=3,t=2. Then

m—1
W(FR=K,2) = ijl ”(Fl”1=1(j32)Jr 2'n(FPl:Kj32)

+2"722m? + 10m + 4).

Proof.

”(FP1=Km32) - Zj:ll [n(FPFszz) + n(FPl:Kj31 )+ n(FPFszz)
+n(Fp-k )+ m(Fp-k;,) + n(Fp-k ;)]
+(FR=K,5) + 1(FR=K,)
+n(Fp_g )+ n(Fp=k,,) )

. -2
Since n(Fp_g, )= 2mT=, n(Fp-x,,,) = n(Fp=x,,,) and n(Fp_g. )

= n(Fp-g,, ), €quation (9) can be written as

m—1
WFR=K,3,) = ijl ["(FR=k;3,) + n(FR=k ;3,) + n(FR=K ;)
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+ n(FPl:KjZI) + 2.n(FPl:Kj21)+ n(FPl:Kjll)]

-2
+ n(FPl:Km31)+ 2,.]’1(1‘_‘131:[(]%21 )+ I’l(Fpl:Km32)+2m . (10)

Since
m—1
o n(Fp-g, )= ijl [”(FPI:KJM) + ”(FPI:szl )+ ”(FPlszn)]
+ n(Fpl =K1 )+ n(Fpl =K1 ),

m—1
* n(FR=K,y ) = ijl [n(FPl:Kj21)+ n(FPFan)] +n(Fp=,,,) and

m—1

-1
° n(FPi:KmZZ ) = Zj:] [n(FPl:KjZZ ) + n(FPl:KjZI )] + 32m ,
equation (10) can be written as
m—1
n(Fp=K,3,) = ijl n(FPFstz)
m—1
+ ijl [ZH(Fpl :Kj?al ) + 2n(Fpl :Kj22)
+ S'n(FPl:Kj21 ) + 4.n(Fp1:Kj11 )]
m—2 m—1 m—1 m—2
+n(Fp-g, 5 )+ 2" " +m2"7 + (2m+1)2"7 + 2777,

m—1
n(FPIZKm32) = ijl n(FPl:Kj?;Z)

m—1

+ ijl [2n(Fp-k 5,) + 20(Fg=k ) + 5n(Fg -k )]
m-2 m—2

+4.2"77 + n(Fp-g, ,,)+32

+(4m +2)2""2 4 M2, (11)
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We know that

-1
. Z;’.’:l 4-"(FPl:Kj21) =(m—-1)2" and

)
o n(FR=k,)=2""

Therefore, equation (11) becomes

m—1
n(FPi:Km32) = ijl n(FPl:Kj32)

¥ Zj: 2n(Fy g 1) + 20(Fp g )]
+5(m = 12"+ 2772 (m + 1) + (4m + 9)2" 72 4 2772
_ Z;’: n(Fp_g ) + Z;’,’: 2n(Fy_g )
+2n(Fpok ) )]+ 2"72(10m + 6). (12)
We can find that
o WFR=Kyp) = 2y MFR=K )+ (2m +1)2" " and
y 27:_11 n(FR=ky,) = (FR=K,,,) = (2m + 12",
Therefore, equation (12) can be written as
n(Fp=K, ) = Zj:ll [n(Fp =K 3 )+ 2.n(Fp =K 31 )]
+2"722m? + 10m + 4). O
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